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PRESSURE OF A CIRCULAR STAMP ON A COMPOSITE LAYER

A. I. SOLOV'EV

The method of dual integral equations is used to obtain a solution to the problem
of a rigid circular stamp pressing on an elastic composite layer, with a cylindrical
surface separating the materials., A large number of papers have already been pub-
lished, dealing with the mechanics of multilayered media in which the surfaces sep-
arating the layers from each other do not intersect the outer houndary (see refer-
ences in /1/). The formulation and methods of solution of the fundamental boundary
value problems can be found for such media in the monographs /2,3/.

Considerably less attention has been given to the study of the boundary value
problems for composite media in which the surfaces separating the layers do inter-
sect the outer boundary. The authors of /4,5/ call such media the regions with
transverse (vertical) layer folding. Out of the publications dealing with the
methods of solving contact problems for transversely layered regions, attention
should be drawn to /4—11/ (**),

Axisymmetric problems of torsion were studied in /12,13/ et al. For the regions indicat-
ed the three~dimensional problems, in particular the axisymmetric problems of the pressure ex-
erted by a stamp applied to a part of the outer boundary, remain practically untouched.

1. A layer resting on a rigid elastic foundation is composed of the domains N0 <7 < a,
07 H and e r<ow, 0z  H), occupied by materials with different elastic con-
stants v,, G; and v, G,. A smooth rigid stamp bounded by a convex surface of revolution is
applied to the segment 0 r b, b>>a, z° = H . We assume that there is no friction between
the bodies 1 and 2, between the stamp and the layer, and between the layer and the foundation.
The force impressing the stamp acts along the axis of the cylindrical inclusion. We assume
for simplicity that the boundary of the layer outside the stamp is free of external forces.
The boundary conditions of the problem in question have the form

W (B = 0y + £ () (6 << D, 0 (R =0 (1 <7 < o) (1)
W (r By =wy +f() OKr<<e), w0 =10 (0 =1,8(r k) =7,9 (2 =0 (1.2)
a9 (6 D) = 4 (5,0, O (6,2) = 0,0 (0,2), remdm, =, o=, k=D

where w,< (0 denotes the progressive displacement of the stamp along the :z-axis, f(r) is
the ‘equation of the stamp surface, and i =1, 2.
We write the solution of the Lamé equations for the domain 1 in the form /14/

ul) = Z (A;zsh Az - C;chhz) J1 (A1) + Bor + Z [Bﬁ,”/‘(__’_k:._l’_‘l Iy (bnr) — BPrI g (kar) — Dy (I:,.r)] cosk,z

J==l Ny

WV = Aoz + Z(Aﬁ ‘Aj‘“ shijz— Az ehhz—C,shA,z) Jo (hyr) + 2 (BPrLy (o) + DRI, (hor)] Sin ko, Fpmm 2

Tiae]

=1

and for the domain 2 we use, as the solution of the Lamé equations, the expressions
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**) See also Babloian A.A. and Gulkanian N.O. Plane contact problem of the theory of elastic-
ity for two truncated wedges. Tezisy dokl. Vses. konf. po smeshannym zadacham mekaniki
deformiruemogo tela, ch. 1, Izd-vo Rostov. Uniwv, 1977; Minasian A.F. and Tonoian V.S. Con-
tact problem for a composite half-plane with a finite vertical cut. Tezisy dokl. Vses.
konf. po smeshannym zadacham mekhaniki deformiruemogo tela. ch.2. Izd. Rostov. Univ. 1977.

794



Pressure of a circular stamp on & layer 795

> . L 4 (4 —va) g :
u® = ...?__" + Z {--— DBK, (hor) + BE [rKo (Ryr) '"('T,T\_‘) K, (k,.r)]} €08 hipz —
Timez)

S (A () chiz + C () [(B—4va) chAz + AzshAz]) o (Ar) b,

3
WD = 3 [DER (k) — BIrK, (k1)) sin bz + S {4 (\) shiz + C (M) Az chAz] Jo (Ar) dA
ne=1 o

Here Ag, By, Do, Ay Cj By®, B,®, D,®, D,® are arbitrary constants, 4 (A), C () are arbitrary
functions, J,{r) is a Bessel function of the firstr kind, J.{z) and K, (z) are the MacDonald
functions, and A; are positive roots of the equation J, (e} = 0. Terms containing the con-
stants A4, B, and D, correspond to the elementary solutions for a finite cylinder anda layer
weakened by a cylindrical cavity. A formal reason for including the term A,z in the solution
is provided by the fact that in this case the system of functions Iy (h;r) becomes complete only
after incorporating a constant into it. When choosing the positive roots of the equation
Jo(he) =0 as );, we must put A4, =0 /11/.

Satisfying the conditions (1.2), eliminating A4 (A), D, from the resulting equations and
putting C (A)sh M = C¥ (A}, we obtain

Bo.._Do+2"S ATICH () Ty (he) W‘"Gﬂ[mT&Sl"f*(%)lx{ks)dk] (1.3)

°

A°=..E;;‘.L’ A,?\,hchk,h (1—‘-4‘V1)A75h?\.’h+cx Sh)\:’h =0

haa:
% - shhhm i a§=Srf(r)Jg(?»,~r)dr

g 2o | Kalbd) pay 2=k § 1C* (1) ], (he) d
Ll B AT M Y Y ) DYy )

o
(=0 BE  2uk 20 (26, A -
Kithgy RB G {'— n Z To e)(A =+7. 7t

jual

Cr e Ml 2 A
S[ - T (h,g) FEt e +ZG’“*H-¢-3?+

Wk Ky (k,8) T A %
26, (_~F)2°T.(m..]1, (he) C* (M) dh — 26, X § Wlo (re)C* (1) dk}

8 (kne) = Gy%oK,® (k) Ay (kn€) — Goxyl\* (knt) By (Rne)
Ay (kne) = kn2e? [Ie? (kne) — I,? (kne)] — 2%,0,% (kne)

By (kn€) = kn?e? [Ko? (ne) — Ki* (kn8)) — 200K,2 (knt), % =1—v; (i=1,2)

Realizing the mixed conditions (1.1), we obtain the following dual integral equations:

fermLnah=gr E<r<), S -i%lh(hr) Bh=F() (A<r< o) (1.4)
8 1
Ak - sh ke B - b
6 (k) = mmm g(r)=— %ﬁ. F{r)=— 3 {PuKo (knr) + (— 1)7 BR (2K, (knr) — kK (kD)1}
n=]
l-
Pty [ B0k + + 2

Let us extend, in accordance with /3/, the right-hand part of the first equation of (1.4)
to the segment O r<1, and put (*(}) = [1 — G (AR} ¢(A). Then we have

(90 To0nd =6 YW T dh+g( O<r<Y), Oerw(k)Jo(kr)dA:::F(r) (A<r<o) (1.5
[ 0 [}

Following /7/ we mutliply the first eguation of (1.5) by r{® — r®)~'+dr, integrate with respect
to r from zere to ! and differentiate the resulting expression with respect to (. Next we

multiply the second equation of (1.5} by r{r?—#)"":dr and integrate with respect to r from
t to oo, Using now the equations
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1 <o
3 rJs (Arydr rFq (Ar) dr cos At
'3‘_3870{%: cosrt 5‘7?%%*‘—- %

and the Fourier cosine transform we obtain, after some manipulations,

P = {Gom[BEEN 4 Sl Ty gu (1.6)

h+u g
1Y

X,

x ¥y
Zm PoF1(h k) + (— 1 BPFs (b)) + 7 (1)
Ay

Fy(h ko) = Asinh — kpcosh, Fa(hhy)= ("AT.‘%%— — k) F1 (b, k) — hsind

?
r(x)&ﬁscosx:[{?g—f,%f&}dt

% e 13

Substituting into {1.8) the expressions for P,and B,®, we arrive at a regular integral
Fredholm equation of the second kind, i.e. at an integral equation of the second kind with a
continuous, square summable kernel and a free term.

2. Let us consider in more detail the problem of impressing a stamp-with a plane founda-
tion. In this case we have

Y T fam i 2 Ay . TR sin i
CimAy=a;=0 (j=12,...), r{}} o
Let us put
(1) )
— W Tn m @ _ _ Tn (2.1)
( 1)y By’ = Koy (hpey ' (=) By = kK (hpe)

Then by virtue of (1.3) we obtain

a0

e {7
mxﬁ.” = ’)12371(3) e “’}2;"' Hohn? S 2 {L ;",n-.g f‘:.}i)g P Ji{he)ydh (2.2)

0

Dk M2 U8} Ki2(ho®) O ¢ Guey  Su hgt) k8K (k €) A2 k the
(2) Vi T1 1 2 n n °q. n
I =y S{ ey + v 26 ATy }Jl(ks)-—--G‘ e Jme)} X

2ol v

Taking into account the substitutions (2.1), we arrive at the following expressions for the
contact stresses under the stamp:

(1) i1}
Gzz (1 B} 2w 85 - (1~ vy) 4g Ta .
g =l e 4 Y S ) 2.3

A=el

s, B & o 2
,_’_fég_.—__—-mg A (h) Jo (Ar) dh -+ Z‘ =
[ =]
4 kKo (k) “S" AL —G (M) )
& o R\(T‘nﬁ) P (3 + ant
k[l bk 1V I G gy — ey (i) T (80
84 (o, 7y == e B Z:(&ﬂs)’ e

Sa (ks 1) = (2.9

I; (15) dk

k, [Py (Rr) Koy Gk ) — &Ko (hyr) Ko (K )]
1 by 1y m 2L e

After some manipulations the expression (2.4} can be written in the form

{2} o )

s“z{;;' 2 =wg" - W%S & = SaG(uh}wp(u}s;‘nmdu-— (2.5
2 i

¢
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1 & (2)
. dt In . ~knt
Ve 3 [P+ i @ ket | ¢

r nw]
" o % = 2@ e
Y=T’a——--—i~§G(uh)\p(u)COSudu-— ';[Pﬂ +W(1—kn)

Both integrals in the first equation of (2.5) vanish as r-—=1, consequently we have

20,
o2 (r,h) ~ __ﬂ’.rT

Vi—

It is clear that the difficulties encountered in investigating the convergence of the
series appearing in the expressions for o, (r, k), 0,.? (r, k) arise only in the near vicinity
of the line r=¢ and on the line r=¢ 1itself. Using the integral equation for the func-
tion sought, we can confirm that

(r—1)

e —GOR] o -
T R L

)

2, € uGuh i 2, o ( G(uh)p()cosu
_:-':—k" S ey (uk')l:b_}’(‘uu)i___sln £ du + Tknz S ___(uk,)'_’ +' o du +
[

1]
n < o (R ) ~ K2 Ky (b o)k, + k)
hence

" — G (AR } -1 -
{ 3L kf,‘“’,"“‘“ Ja(he)dh ~ — - yE5le™ ], (k) (n—> o0)
0

The validity of the following asymptotic equations is proved in the same manner:

A[1—G(h A =
L TRl 73 (he) b~ - 37 (1, (008) ~ e o )]

A4 —G (2 gy -
—ljrﬂfi—’ili;”& To(he)dh ~ - yh7e™n (e (ko) — Lo ()]

8 Pem3q

Separating in (2.2) the principal parts of the integrals, we find that

iy o G,y (4 — ¢) -k
- o Rl Ty tme o (kne) + I (kae)]  (n— o0)

Consequently the convergence of every series in (2.3) and (2.4) is characterized by an expon-
entially decaying general term, and this implies the boundedness of the contact stresses under
the stamp near the line r = ¢ as well as on the line r=¢&. The latter holds also for the
stresses 0., (r, 0), 0,,® (r, 0).

Assuming G, =0, v; =0, which corresponds to the contact problem for a layer weakenedby

a cylindrical cavity we obtain, as before, the following regular integral Fredholm equation of
the second kind

v0)={ Kb w)p(w)du — 22 22 (2.6)
[]
® -k,
1 sin (A + u) sin (b — u) 4 [1—C{uh)]e ™ 3 3
K u)= = 6 i) S5 4 25 | WL AL (00 k) B () + Fa O o) Ha s )
Nl
3 (k, 32 + 2u5) Ky (b k euK, (k etk (k,2)
Hy k,.)-—_—[ i ( "E(k—t:z)z)zl( nt) L :e:_::zns) ]Jx (ue) —W Jo (ue)
*qu kK, (K, £) wk eKo (k€) udk, % K, (k.e)
He s be) = [t + et | ) — S 1 ue)

We note that F (r)—0 as a— 0 (e — 0) and equation (2.6) is transformed to the integral
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equation of the contact problem for a homogeneous dense layer

P = {6 [ St o el =0 Ty dom 2 20 2.7
* L At A—u "Ry A
The case b-+ oo (b a) also corresponds to (2.7).

The process of solving the equations obtained is accompanied by the usual computational
problem arising at small values of A = H/b /15/, and this necessitates additional, not at all
trivial investigations. In the present case a more detailed analysis of the properties of the
solutions is needed alsc in the case when h are sufficiently large.

As an example we shall consider the integral equation {2.6}. The arguments that follow
will alsc refer to the case of the integral equation of the initial problem. It can be shown
that the computational problems arising in the process of solving egquations (2.6) and (2.7)
are analogous, at small A, to those of the integral equation of the first kind appearing in
the contact problem for a layer /15/. A method of =m‘|1r ing equat rpe (2.7) for large

h is given in /16/.

Let us denote by X, (A, and K.( u} the first and second terms of the kernel X (&, u)
of +he amuatian {2_R1) Tat alan f‘ mnd a2 Smane mF mmidniieae Fmedd mee e Terd o B3 o
L LR -3 Thledidil (2207 o wWET 2180 e , Koy ~%T & = e LoD LW Ut ARG 13 e
semiaxis, with the norm

ly M =8up |y () | 0 <A< o)
Lemma. The function
=K ) zwdu
]
belongs to the space ([0, o) for any 2 (ML, (0, 0) and »>0.

The validity of the lemma follows from the Cauchy— Buniakowski inequality, continuity
and boundedness of the function K (A.u) . and the estimates

-k, o
mFl(lv ﬂ)* {Se of COS:\!&‘; ff;l ¥ {2.8}
i

o

__IS ht — 1) €7l coshedt| <KF(ky -+ 2) e

mﬂ(’» fen)

i) [ S 2Gh) (0K ke ), | Ky (o w) [ < du™t | T, (us) | + dau™ | T, (ue) |

2% P - ~— s sy T rsY ¥ g Y
S AT, u iy >0, d >0, di = consi}

A\

Since the free term of (2.6) belongs to the space ([0, o) , the lemma implies that only the
functions belonging to the space ([0, o) can be solutions of the equation (2.6).

Theorem 1. Operator Kz defined at % >0 by the equation

= {K(wzwde

is completely continucus in C [0, o). The validity of Theorem 1 can be established using the le-
mma, the estimates (2.8) and the Arzel theorem .

Theorem 2. Integral egquation (2.6) has a unigue solution belonging to the space C [0, o)
at any h >0 . The proof of Theorem 2, with the lemma and Theorem 1 taken intc account, is
analogous to that given in /16/.

Carrying out the substitution w®—» — i, z ok «— 2z in the initial expressions for the
components of the displacement vector and using the relation /14/

lim —-f() (fo)ds

a..wn 3

5!/; i

we pass, as hk-—»oc , from the equation (2.8) to the integral equation

200 = (RO 0 b @ dn + 2 T @>0) 2.9)
e

o0 gt
&

4
k) =— S ST (F1 00 9) Ha (10 8) + Fa (hy8) Ha (1, )] s
1]
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The functions F, (A,s), H; (u,s), 8, (se) are obtained by carrying out the substitution k,— S

in the expressions for F; (A, k), H; (u, k), A; (kne) given above. Equation (2,9) is also obtain-

ed in the course of solving the initial problem for a half-space with a cylindrical cavity.
Using the estimates analogous to (2.8) and the inegualities

-3 2 2
S P | <2 e (60,23 0>0)

et 267
=R | < B
we can show that the kernel k (A, u) is square integrable and continuous function in the do-
main O A u<<oo. From this it follows that equation (2.9) is a regular, integral Fredholm
equation of the second kind, and the assertions analogous to those given above, hold for this
equation.
Let us now denote by 1, (A) the solution of (2.6) corresponding to a specified value of
the parameter h.

Theorem 3. ¥, (%) + ¥ (A) is uniform in A as h—>o,

The validity of the theorem follows from the complete continuity of the operator Kz,
completeness of the space C [0,00) and uniqueness of the solutions of the integral equations
(2.6) and (2.9).

The assertions given here do not exhaust the problem of the structure of the solutions of
the integral eguations. This is true, in particular, with regard to the feasibility of obtain-
ing a practically manageable analytic estimate of the rate of convergence of ¥Ya(A) to v_@),
depending on k. We know /17,18/ that a problem of this type is complicated even in the case
when the integral equation is defined on a finite interval and its kernel can be expressed ex-
plicitly. Notwithstanding that, the problems connected with the possibility of replacing a
solution of the problem for a composite layer (a layer with a cavity) with a solution for a
composite half-space (half-space with a cavity), or the problem of selecting the latter solu~
tion as the initial approximation for sufficiently large &, can be solved numerically.
Naturally, the known difficulties of summing the series at sufficiently large & encountered
here must be overcome,

We shall indicate another circumstance related to the correctness of the contact problem
for a composite half-space. When the conditions ¥ (e.2) = 0 hold and stresses are absent at
infinity, the solution of the problem in question will be correct if the stresses o (-, 0) are
self-equilibrated. Indeed, in this case we have

had . (1)
ol (r.2)= chrli.m 2 (_1)'",‘”15‘ (kn. ryeosknz —0 (2 20) , ,S<S,6u (r, 2)rdrdd=0 (0 z< o)

> numl
The author thanks V.S. Protsenko for showing unceasing interest in this work.
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